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LC syntax

Phrases
P:=C|E|B

Commands

C == skip|{=E|C;C
| if B then C else C | while Bdo C

Integer expressions
E:=n|W|EipFE
Boolean expressions

B:=b|Ebop E

nez .v»—=2,-1,0,1,2,...}, the set of integers;

b e B ¥’ {true, false}, the set of booleans;

teL {€o,41,82,83,...} a fixed, infinite set of symbols whose elements we will
call locations (the termn program variable is also commonly used), because they denote
locations for storing integers—the integer expression !¢ denotes the integer currently

stored in £;
iop € lop def {+, =, *, ...} afixed, finite set of integer-valued binary operations;

bop € Bop def {=,<,>,...} afixed, finite set of boolean-valued binary operations.

Transition systems defined

A transition system is specified by
¢ aset Config, and
e a binary relation = C Config x Config.

The elements of Config are often called configurations (or

‘states’), and the binary relation is written infix, i.e. |c — ¢’
means ¢ and ¢ are related by —.




LC transition relation — expressions

(Toc)

v —TC%

(op?)

(op2)
(op3)

5111 P Taak NI
(1¢,s) = (n,s) ifle dom(s)&s(f)=n

(E1,s) = (Eq,5')

(Eh op Ea,s) — (E] op Ea,s')
(E2,s) = (E3,s')

(n1 op Ea,s) = (n1 op EY, s')

(n1 op ng,s) = {c,s) ifc=n; opny

LC transition relation — := and ;

(E,s) = (E',s")

(Setl)

(£:=E,s) = {{:=F's)
(sei?) (€ :=n,s) — (skip, s[{ — n])
—_— (Chs) - (Ci,s’)
(‘seal’)

(C1;Ca,s) = (C1;Ca,8")
(sea?) (skip ; C,s) = (C, )

LC transition relation — conditional & while

(B,s) = (B, s')

(if B then C| else Cs, s) —
(if B’ then C, else Cs, s')

(if true then C, else Cs, s) — (C1, s)
(if false then C; else Cs, s) — (Ca, s)

(while B do C, s) —
(if B then (C ; while B do C) else skip, s)

Terminal and stuck LC configurations

The terminal configurations are by definition

(n,s) (true,s) (false,s) (skip,s).

A configuration (P, s) is stuck if and only if it is not terminal, but
(P,s) = .

(For example, (1€ + 1), {&' > 1}) is stuck if &/ # £.)




(C, 5) = (if B then (C’; C) else skip, s)
— (if 4 > 0 then (C’; C) else skip, s)
— (if true then (C'; C) else skip, s)
—{C";C,s)
—* (skip, s[¢ — 0,¢ — 24])

(¢ % while Bdo C',

B ®uso,

o ©y.—vwsw.p=uw_1,
s {4,001}

where <

o) () ¥(cs) (c€ZUB) 3
U  (65)bin,s) L€ dom(s)&s(®)=n

Ey, 8) I {ny, s {(Ea,s') | (na,s" where c is the value
(Uop) (B} b (m, ) (Enr o)L na, o) of ny op ny (for op an

(E1 op E3,5) U {c, s") integer or boolean operation)
Uasiip) {skip, ) § (skip, s}
{E, s} (n,s")

o) (e = E,s) I (skip, ’[f'—) n])
(=q.

) (XD (slzntn'a)') (qz,/ ) (sklp,

- (C1; C2,5) § (skip, s")
o) (B,s) § {true,s") (C1,s') U (skip,s")

i (if B then C) else C,, s} | (skip, s”)

{B, s} |} {false,s’) (C»,s') | (skip,s")

Uie)

(if B then C, else Ca, s) |} {skip, s")
plus rules ({,,,,1) and (U,,,2) on Slide 26.

Evaluation rules for while

Zolu Mo
Nenye

(B,@ | (truegsl) (C,s') | (skip, s”)
(while B do C, s") |} (skip, s")

e

(uwhl )

(while B do C, s) |} (skip, s")
(B, s) || (false, s’}
(while B do C, s) |} (skip, s’)

(’Uwh2 )

C djwhlle'l>0dol =
For

s Yin {t=1) -1 )
we try to ﬁnd s" such t?nat (C, s) ¥ {skip, 8"} is provable. Since (M > 0, s) § (true,s)
(proof shown below), the last rule used in the proof must be ({,,;):

? ?
{2,3) 8 (1,5) (o) (0,s) § {0,5) Weon) : :
(Yep)

(1> 0,5) § {true,s) {£:=0,5) 3 (skip, ) (C.s')siskip.s”)( )
whl

(Cs)ﬂ(sklPS")b\a_‘ 351 ¢, -{‘95’@85
for some & and s”. The middle hypothesis of (4., ) must have been deduced using <4

{U,ee)- SO & = {€ 0} and we have: ‘-5‘7/77'(.) “n,
s Te,
2 _— ?
Tt ) was0.a) g“";’ (0,2) § (0.5) w""(; )
(' > 0,3) J (true.s) " {£:50,8) U skip, o)  (C.#) D (skip,«)

Sra)-
(C.5) § (skip, ) Chan)
Finally, since (¥ > 0,s") § (false, s') (proof shown below), the last rule used in the
proof of the right-hand branch must be (J..;). S0 s” = s’ = {€ — 0} and the
complete proof is:

(% (T

. . oy {1 A4Y 8 0.6 o ©.8) 0 (087 ot

.0 T (U B w"‘; (0.#) 4 (0.5 "':3 , (2> 0.4 § (false. #") ot -
7> 0.4) § {true.x) Um0 B kip.s) {C.#) § {skip.s? o T
whel

{C.4) 3 (skip.+)
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-1 BUMBELF (type constructor)

BIRRLT I, 0Ll EORN SHT BB MM T B/ DDRETHSB. HFE (bool, int F),
list, BAEE! (—) RENEN, 0518, 1518, 251D TFLEZBC LN TES. UTFT
BEETFZ—RICF, GHELEBL. 4 -t id, —(ty,t) DBBIRELEZ 3,

2 B—{t (unification) 7L 3V X Ls

Bk, o0 (REHZEUME LEW) BER CEORICT B 1HDORA (= BEH
WORNDER) ZROBERTHS. ZD0OR s & t ZBH—LT B 7)Y XLEYUTIRT.

1. S « {s=t}

2. RE SORDOFRICH UTTROEHRERVEBELITES. HBROEHILV—IVAERITTEE
BB ENEERICERLTE XV, (a)-(f) DEOEHEBRARTEEICK o 1z b RIHR
T95%.

(8) F(51y---+8n) = F(t1,...,tp) (n > 0) DEDERND 726, ThE nEDER
81=t1, ..., 8, =ty ICBEM]MX B,

(b) F(s1,.--,8m) = G(t1,---,tp) (F # G ¥7zld m # n) OWDOFANH -2 5K
®T.

(c) =z DEDEX (z IZEH) NbolbTh%E SHhoHE.

(d) t=z DHOBR (¢t IEIEY, ¢ 3EH) MBokbThE o=t TREHRLS.

(e) z =t DEDOEX (z BREH, t#z, =M tPICTEND) BNHolHRMHKT.

(f) z=t OEDOEX (z BRER, t#z, zi&iPBEhEW) B0, DO SHD
OSRICHEBRELTWED, Fhod z DHIRE t ITHEXWAB (=t ZTOEE
&Y).

T CO7NVIYXLEBTRIRTHRBET TS, BT L E, SiCik (f) OF
DERFIFHIED, S={z1=t1,...,82n =t} 0 20, z; REWCREBZZEY, £Dz; &
tyeooytn PIRHIRLEV) B> TWBIRTTHS. TOLE, RA{r1—t,...,Zn et} B
s & t ® most general unifier (mgu), 2% b s & t ZRALRICTERE—MRABNRAKELT
W5, REETLILE, s tIZB—(LRAHETHS.

3. —fgfk

— DR (s,8) TidEL . WL OHDBDN (81,1),...,(5n,tn) ZRICH—LTET LE
T&%. TIWVTVAXLDARATFY T 1. 28 « {s1=11,...,8n =ta} KEETHITIL.



ZO0DED join & meet

RIFSRE L, BEERL THHERFSES (preordered set, BRMICRIEFBENEA S A
B) TH3. BEFEATE, LELE, Zo0EROBEBOMAERLBOTFHSEKONR L

x%.

—RiC, SLEDHELPTFRIIEET S LIEBSEVL, FELTS, HEOHEDH TR

THDEDRILEDTFHRD S bR EMOE DN —RICEE S LIRS K.
LTAH, BETHANLELI— FED (subtype-supertype BRI &> THAETHhB) BIRS
BicBNTE, ZDD8ID join (U, HiED supertype DI BB TFHOLED) BIXUZDDHD
meet (M, FLED subtype DS BREMODED) B, LLEETIESE—RICEES.
e, BREREOR LD Top MOFERRET S L, ZDDHD join LT EFEET S,
LTFic, La—FEZEBEINL Tz FL OBERICEIT S join £ meet DER/ETRT. T T,
list, —, EAE (int, bool) IZMMX T, Top BT LHET. Eiz, TRTHOLI— FRIZH
BOBRMRT {-} B DOLDLRET S,

1 Z2DED join (least upper bound)

1.
2.
3.

cUr=Top; (oc&THEEZEMEFELDESR)

cUoc=0; (cl3EFER)

{ar:01, ..., an:0n, b1:01y ..oy bnipa}Uf{ar:on, ..., anion, bl ipY, ..., bl 00}
={a1:01UT, ..., 80, UT}; (20,m>0,m' 20;b &b ZEVICRES)

4. list(o) U list(r) = list(c U T)

(o= YU(r—=7)=(ocnT7)— (c'UT)

’

2 ZDDR®D meet (greatest lower bound)
l.oNo=o; (oidHFH)

cMNTop=TopNo =0

. . . . U { A |
cA{e1:01, ooy QntOn bLip1, ooy b pa} a1 00, ooy B iom, DY PY, ., Bl i)

={a1:01 N7, ceoy @0 NTny b1ip1, oy b ipa, Biipy, oo, Ui ol )s
(n20,m>0,m' >0;b; &b REVWKCRES; 05075 (1< <n) BEETS)

4. list(c) Nlist(r) = list(c N 7)
5. (= d)N(r = 7)=(cUt)— (¢'N7T)



