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m =(m,...,m,)" 1<xF 2R/ 2F%
Sm)=y (y,-m,)’
i=1

|Z Ridge #ETE 24P Lasso #ETE £ . Elastic net TIT2f=&3HEEZMZT
SES m EHETERLM?

Roughness Penalty

T—45 (x, ) IZRHLTHIEH y = m(x) EUTORER/IMET BT EICEST
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Sp(m) = X {3 =m(x)Y + 1 [ {m ()}
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&y =wx) EmE=TERIRRTSAVIF—EIC
EBFAHEERYE, F=1Z0. a<x <.<x,<b &9 %,

RATSA MR /N5 A—431E

X&YICEALTRAESNET—48% (x,y),i=1,..,n £T3.
COLEE, ETIVE Y =w(x)+e, £T5.
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INDA—HR w= (w],...,w,,)T
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Sw)= Y (- w,)’
i=1
S BBINETEBESITINTA—AEH T

Wi=yl' 0)&% S=O tfd:%)

RATSA VI

R RID2RHETEE
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FERBIERTSAY
%ﬁﬁ”ﬁr%%d‘Z%fﬁ (Penalized least square method)

Sp(w) = E(yl. —-w,)’ + 7»fab{w”(t)}2 dt

7 <

FRE2FER Roughness penalty
B wDT—E2~D B w DBEHEIERT
ETIFFEYVERT

A BB w DI T—2~DOHTITFEY JETHEHS)
DINFGURZAVIA— LY H/INTA—4
FBIENTA—REEEND

FERIENTA—ZDHR

Sp(w) = S(yi -w,)? + A f ab{w”(t)}z dt | argmin$, (w)=w

(a) A BNEVEDHE
Sp(W) OBRMEBEICE—H Y (y,-w,)’ OBRMEEHE

i=1

) BlomgEE W, =),

(b) A AXEVEDSE
Sp (W) OB/MEFECE=IE f:{w”(t)}2 dt DFIMeE%
) gRER
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Roughness Penalty D &I

T
HEIDKRTT

) j{w”(z)}2 dt =w' QR™'O"w

#rE1 DA

Proof. Consider a natural cubic spline w(-) on the interval [a5, 2j4], j = L.oon — 1,
and define
wlay) = wy,  w(ey) =7

and hy = 241 — 2. On the interval [z, 251], w”(2) s linear, since w(x) is a cubic

polynomial, Therefore w”(x) can be expressed as w”(¢) = Dy + Cj (2j < @ < 2j41),

where D; and Cj are constants satistying

o'z +0) = Dyry 05 =7,

lim ' (ej1 — ) = Dy

Then D, and Cj are given by

D,
RS (2.6)
F )
Dyrs +C5. @n
5 )

, it is immediately clear that

From the first equation of (2.

A1 — A

W — ¢shy — d;h3. (2.8)

by =

L (2.7), (28). a; = w; aud (2.1), the natural cubic spline w(z) on [z, ;4]

From (2

can be rewritten as

1 — .
HONERIC 17>{(1 %) | (L | %) rm}u 0)
; ;

Then wfj is given by

, Wyen — W
wyle) = W
5

(1 —7) = (x—xy) Tjr1 — r—
mmn) o) [ ammr) () T
6 o )nT i

(g — )@ — 1) Ty — 7y

6 hy

Hence we have

wj — wj_y

. o 1

lmwg (e =0 = s + 51

Wit —
hy

lim ) (2 +8)
w5
From the continuous conditions, the first derivatives of w(; 1) and wy at ; are satisfied

I}ﬂ‘; wiy (o —0) = lgw wiy (@ +8) and we have the following equation

Wi —w;  wj—wj_, 1 1 1
% - /zi‘/ = ghimiTim1 4 5oy = )7 + GhiTia, G =20n = L

i - :
These equations implies Q7w = R. This completes the proof of the theorem. &
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Proof. Since w(-) is a natural cubic spline, it is immediately clear that w”(a) = w”(b) =
0 and w”(x) is constant on each interval (z;, 2;41) and zero outside [z, x,]. Following

the formula of integration by parts, we obtain
Y w2 N
/ {w"(z)} da = —/ w" ()’ (x)dx
a a
n-l . Tjt1
= = > limuw"(z;+ O)/ w'(z)dr.
j=1 410 Tj

In the proof of Theorem 2.1, we have

. ¢ Tj+1 — T
l,}H} “,m('rj + ,)) = Dj = JTJJ
Then the roughness penalty is
b2 Snn -7 .
/ {w"(z)} de =" T(u'ﬁl — wy). (2.10)
@ j=1 J

Since 7y = 7, = 0, it follows by rearranging (2.10) that

—1
/” (w"(2)} de nz P ('U‘;H e A U‘;—l)
a

= h; hj—q

= 7Q"w

= wTQR'QTw,

making use of the property 7 = R~'QTw. This completes the proof of Theorem 2.2. [

FERBIERTSAY

Sew)= D (3, =w )P+ 1 [ {w' )} dr

argmin S, (w) =w

S, (w)=(y-w) (y-w)+Aw' Kw
=y'y-2w'y+w (I + \K)w

W) _ oys2a+akmw =22 o gy

ow ow

w=(T+\K)"y
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FRIENFA—2 A DIE
[ZEoTHE SN DHBIIRD
HZINAN AT

!

TBE/RTA—2 N DFRTE
NEBIERTSAUICED
O S TIEHIZBNTIE
AEMGREEGTS,

FRIENTA—FDER (1)

R EREE% (Cross-validation)

S iBEDT DM (x,y) EBRULNMz n -1 O T—4IZ
FOTHESNZBRIRRTSA0% whi ERT
CDEE REMILEREL

1< ; 2
CV(M) ==Y {1y, -w(x,
(M) n;{y, W)}
LEEN, VOBNERDTBILASA—S L DfE%E
SEBELLTRIRT 5.
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FRIENTA—FDER (2)

Sew)= P (3, w1 [ {w' )} dr
argmilr:llSP(w) =w=UI+M\K)'y=H.,y

E 2

L& [y -we|
CV(A)=—E{1_(HK)N}

n i=1

FRIENTA—FDER (3)

— % 1E X ZEHREE;% (Generalized Cross-validation)
Craven and Wahba (1979)

L] yowe |
V(M) =— A SR S S
oV nZ{l—tr(Hk)/n}
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BET IILZIERTEA~

T3 (X5 X005 X0 V)
BEERKRETIL:
Vi =By + Xy + Xy, +"'+/5pxip t ¢

71\

wi(X;) wy(X;p) Wp(‘xip)

ATSAUMEETIL

v =B, +W1(xil)+wz(xi2)+"'+Wp(xip)+8i

Roughness Penalty: R 7542 MEETIL

RATSAUMEETIL

v, =B, +wl(xi1)+w2(xl.2)+---+wp(xl.p)+8i

SiRlftEm/IM2EE
n p b

Sy WseeesW,) = DLy =m(x)Y + Y 0, [ w0} dt
i=1 j=1 /

THDOH (p) DREWE/NRTA—FEHEIE,
ETILOFRROLEEI,
FRIENTA=ED p . R TORBELHDE,
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2Z/SSARYYIETIL
T3 (X Xigseens X, V)

O\

Zi19Zi29++9Zim Si1sSins-sipg (m+M = p)
y LRI Y EIERERIIRER

T~ T~
A A

( A )
Vi =By + Bzt 4 Bz +Wi(s;) + o+ Wy, (5,,) €

BETHRLEERITBEROANRL,
EDEHEFRTIZTEMN?

B-AT54> (1)

B-RT 542 B(t;r) FUTDHEEM-T,
fzt=L.t (1<..<t,.,.) |$EI R

(D) XM (1, 1;,,..)) IZBWNT B(5; r) [(FIE ENLSTIZ 0
(D B(t; r) & r +1 BD r RZBBEXN DS
(I -1 BEETHO BB AER
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B-AT54> (2)

Bi B, By By Bs Be By Bs Bo Bio

B-A 54> (3)

BRAEIZKYERD B-RTSAUHNKES (De Boor DT LT XL (1978))

L, 1,=x<t,

B.(x;0) = R B-RTSA>
j 0. otherwise 0K B-RTS5/4>

X=1; t'+r+l_x
B;(x;r)= —B;(x;r =) +—+——B, (x;r-1)
t t.

J+r Jj JHr+l - Jj+l
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degree 3

Bis Bj» B; B;

B-RATSAUIZLBBBDOHTIID

B-RATZAUIZKBHIRDIERK
w(x)= Y 7,B,(x)=y"b(x)

j=1
= ¥=©pen?,,)
3 b(x)=(B,(x),....B, (x))"

o
g

> 2 | !‘2‘?  GVavavavae ° _ "
o o “‘Q"QQ”" RTSAUERBTHE
TUNCW O 2F54Y  BRISAY
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B-R7S5AEIRETIL

T—32 (x,y,),i=1,..,n
EFIL y, =y b(x,)+¢,

JAR €k, NEWITEITIZFER0, HE0° O
ERAMICHIET DHE

flxy.o®) =] [fGi1x.7.6%)

f(yi Ixi’y’02) =

2

{y, - }’Tb(wi)}2 ]

exp|-
p[ 20°

270

B-RT AV EIRETILDOHTE

SR E R/ 2R IE

SB(]/) = E{yi - VTb(xi)}z + )\-E(Yj - 2%,‘—1 +Vio )2
i1 k=2

y = argmin{S;(y)}

b e ”n N
[y B3y di < Y (r; =2y, +7,.)’
j=l k=2
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FMBEHE

7=B(B'B+\K)'B'y=H,y

df(}\) = tr(Hk) L%l B B E (Equivalent degree of freedom) &FEIEN B

RFANYERETIL y=XO0+¢e, OER’, £~N,(0.0°I) f&

HAML =(xTx)—ley J:U 5’=X(XTX)71XTy 7’-‘;0)—6
H=XX"X)"'X" &850 I2IZE&ELELY)

tr{X(XTX)‘lXT} =p  =SA—aK

AIC = -2log f(y1x,6™,6*)+2(p+1)

FRIE/NTA—2DFER

T3 (x,v,),i=L..,n .
EF)L y, =Y b(x)+¢g, € ~ N(,0%)

{&1EAIC (Modified AIC) Eilers and Marx (1996)

AIC, (\) = —2§log fO,1x,7,6%)+ 2{tr(Hx)+ 1}

i=1
- nlog(2ﬂ62)+n+2{tr(Hk)+1}
=1L

~ I < N 2
6’ = ;;{yi - }’Tb(xi)}
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FRIE/NTA—2DEIR

INTANYYEIRET IV
y=X6+¢, OER", £~N,(0,0°])
T—AE4ERLEEDSHNERI T TETICETND LS
2n(p+1)
n-p-2

AIC. =-2log f(yl x,é,02)+ Sugiura (1978)

ﬂ%E AIC Hurvich, Simonoff and Tsai (1998)

2n{tr(H,)+1}
n—tr(H,)-2

AIC.(\) = nlog(2nG*) +n +

BRRIGEZEDHERRLE

SPICy CV GCV ABICy AIC;, AlCc

o/R, = 0.05

e=1.0
MEANXx106 9.102 13.66 15.78  30.70 14.01 18.80
SDx10° 1.263 1.856 1.847 1.107 1.689 2.064
ASE x 10° 3.523  3.577 3.581 3.721 3.559 3.614
PASE x 10> 3.819 3.826 3.824 3.838 3.821 3.826

e=10.9
MEAN x10° 1.095 1.558 1.964  3.807 1.746  2.439
SD x10° 1.268 1.838 2.175 1.415 1.929 2.730
ASE x 10° 4.085 4.136 4.138  4.297 4.117 4.184
PASE x 10>  4.498 4.503 4.503  4.523 4.500 4.508
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