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5 Computability
In this case: we use
— recursive functions

— while-type imperative programming language
if---then---else---

with < for

while

5.1 Primitive Recursive Function

We’ll be talking about functions
f:N—>N

— Why N ?
{ﬁnite words over finite alphabet E} =N

Primitive recursive function(PR)
= function computable in C without while.
if
— OK.
for



Def5.1

The class of PR functions is inductively defined as follows.

({PR functions} C {f :N™ = N for some m})

zero() =0:N - N is PR.
— suc(z)=z+1:N—>N is PR.
- Projf(xl,'-- ,n) =x; : N* =5 N is PR.

— (Composition)
g:N"—>N is PR.
917927"‘,9miNn%N is PR.

g(.gl(xl)an"' axn)aQQ(]"laan"' 73"71)7"' ,gm($17$2,"' ,.Tn)) is PR.

(Premitive Recursion)

:N* - N
Let 777 7% pePpR.
h:N"t2 4 N

Then the function f: N"T! — N def by
f(2,0) = 9(%)
f@y+1) =nZy f(Zy))

is PR.

Example 5.2

— Identity function

proji(z) =z :N =N

— factorial
fact(z) = !
fact(0) = suc(zero())
fact(x +1) = suc(z) - fact(x)
Lemb.3
If g,91,92, -, gn are PR
then
f(@r, 2o, wn) = 991 (Tigy s Tigy, 5 Ty,
92(Tigys Tigy " 5 Tigy,)
I (Tiprs Tinar 3 i, )
is PR.



Example 5.4
add : N> = N is PR

add(x,0) =x
add(z, suc(y)) = suc(add(z,y))

sub: N? - N is PR

sub(z,y) =z —y(z >

(Normalized Subtraction)
sub(z,y) =0(zx <vy)

pred :N—=N:z—x—1or 0z =0)
pred(0) = zero()
pred(suc(z)) =

So,
sub(z,0) =z
sub(z, suc(y)) = pred(sub(z,y))

{aald,pred7 sub, mult, exp, fact,max,min} is PR.

Lemb5.5
f:N"t! — Nis PR.

> (@#2)

Then 3=V :N"*! 5 N are PR.
@.2)
2<Hy
Proof
Z f(Z,2) = zero()
2<0
> f(@2) =add (Z F(@2), f(&, y))
z<y+1 z2<y

Remb5.6
- PR functions are all total f : N* -+ N



We also talk about PR predicates.

Def5.7
An n-ary predicate is a subset P C N".

We sometimes write P(x1,xa, - ,x,) for P.

Def5.8(Characteristics function)

The characteristic functions of a predicate P C N™ is the function.

0 if(zy, - ,z,) EP

Xp(x1, -+, op) =
1 if(xq, - ,2,) € P

Def5.9
A predicate P € N™ is said to be premitive recursive if xp : N* — N is PR.

Expl 5.10
- (_=0) €N, l-ary pred is PR.
0 if(x=0)
X(=0)(T) = _
1 if(x #0)
= X(=0)(z) =1—-(1-2x) ((—) is normalized subtraction)

- Ar)y.(z = y) C N? is PR.
X(a=-2)(,9) = X(=0) (z —y) + (y — 2))

. x§y§N2 is PR.
...)
X(2<-) (T Y) = X(=0) (T —¥)

Lemb5.11
Given that P, @, R are PR.

~P,PAQ,PVQ
Vz < y.R(Z, 2)

Jz < y.R(Z, z)
R(f1(D),-- -, ()

are all PR.



Proof

x-p=1-xp
XPrQ = X(=0)(XP + XQ)
XPvQ = XP " X@Q

XVz<y.R(Z,2z) = X(-=0) (Z(fa Z))

z<y
X3z<y.R(7,2) = X(-=0) (H(fa Z))
z<y
Lem5.12
g1, 7gn:Nm _>N7PR
Pla"' 7PngNm7PR
Assume for each & C N exactly one of Py (), -, P,() is true.
Then
g1(Z) if Py(Z) is true
. g2(Z)  if Po(Z) is true
f(@) =
gn (%) if P, (&) is true
is PR.
...)
1@ =3 gp1(@ - (1= xp,01(@)
y<n
Lemb5.13(Bounded least solution)
P C Nt PR
Then
. zo (ifP(Z,0), P(Z,1), -, P(&, 29 — 1) are false, P(Z, zp)is true)
Uz<yfwxvy):: .
y (ifP(Z,0), P(Z,1), -, P(&,y — 1) are false)

is PR. Proof

Nz<yfwfvy)::§E:XQ:O ( II XP(fvu)>

z2<y u<lz+1



Corb.14
x <y is PR.
TEY = pacy (@ <yx(z+1))
Lem5.15
f:N—=>N
f# :N? — N is defined by

f#(l‘,O) =
f#(xv (77,+ 1)) = f(f#(xan))

then f# is PR.

Proof obvious from primitive recursion.

Lem5.16
pr:N—=N | pr(z) =(the (z + 1) th smallest prime number) is PR.
Proof(Exercise)
. ) 0 (= is prime number)
Hint: prime(z) =
1 (z is not prime number)

Hint2: pr(xz + 1) is not bigger than pr(z)! + 1

5.2 Recursive function

Def5.17
A partial function f : N --» N is recursive if it is constructed in the

following way.

0, suc, projj' are rec.
— composition
— primitive recursion

least solution operator : g : N**1 -5 N
,uy.(g(f, y) =0AVY <y.g(Z,y) is deﬁned) :N™ --» N is rec.
(ny : the least y such that - )



Remb5.18

In this lecture in some literature
recursive func partial recursive func
N™ --s> N N™ --» N
total recursive func recursive func
N" - N N" - N
Def5.19

A predicate P C N" is recursive

def . N .
&5 its characteristic func XP IS{

Note

this is different from

- total

- recursive

xp(Z) = 0 <= P(Z) = true

it is possible that P(Z) = false and x,(Z) = undefined.

Lem5.20(Case distinction)

where
9i(Z): recursive functions
P;(Z): recursive predicates

This f is recursive.

if Py(%) is true

if P,(Z) is true



